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Abstract. We prove the Kuniba-Nakanishi-Suzuki (KNS) conjecture 
concerning the quantum dimension solution of Q-system of type D r ob- 
tained by a certain specialization of classical characters of the Kirillov- 
Reshetikhin modules. We use the affine Weyl group symmetry of quan- 
tum dimensions. As a result, we explicitly obtain the positive solution 
of the level k restricted Q-system of type D r which plays an important 
role in dilogarithm identities for conformal field theories. 

1. INTRODUCTION 

1.1. Notations. Let q be a simple Lie algebra of rank r and \) a Cartan 
subalgebra. fj* denotes the dual space of f) and we use the symbol (•, •} to 
denote the natural pairing between f) and f)* . 

Let $ C f)* be the root system with its Dynkin diagram X with the index 
set / = {1, 2, • • • , r}. We will assume that X is simply laced. C(X) = (tty) 
denotes the Cartan matrix. Let Q be the root lattice and P be the weight 
lattice. We fix a set <& + of positive roots with the set II = {cei\i G 1} of 
simple roots. We will write a > if a G <J> + . For a = Ya=i °i a i ^ ^ we 
define its height as ht a = Ya=i °i- 

Let 8 = YjI=i a i a i ^ e the highest root where dj denotes the Dynkin 
labels. We denote the Coxeter number by h = 1 + ht 8. Let (-|-) be the 
non-degenerate invariant symmetric bilinear form on f) and on f)* normalize 
so that (8\8) = 2. 

Q w denotes the coroot lattice which is Z-dual of the weight lattice P. 
We will choose the basis II V = {hi S t)\i G /} of the coroot lattice so that 
(ai,hj} = ciji. Let {oji G P\i € 1} be the dual basis of P for II V so that 
(u)i, hj) = 8ij and we call the elements of this set fundamental weights. The 
weight p = Yll=i u i P ls caue d the Weyl vector. 

We have the group algebra Z[P] with Z-basis of elements of the form e A , 
A S P. The multiplication is given by 

We can regard e A as a function defined on f)* by fx H > e 2m ^^ . For a 
dominant weight A G P + , x\ denotes the character of an irreducible highest 
weight module with highest weight A and will be regarded as a function on 
\f since it is given by a ratio of two elements in 7L\P\. 
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Figure 1. Dynkin diagram of type D r 
1.2. Statement of the KNS conjecture. 

Definition 1.1. Let X be a Dynkin diagram of type ADE. For a family of 
variables {Q^ \a € /, i € Z- }, consider recurrences given by 

fee/ 

where denotes the adjacency matrix of X. We call this system of 

recurrence equations the unrestricted Q-system of type X. Throughout the 
paper, we will use boundary conditions Qq = 1 for all a € /. 

Let q be a non-zero complex number which is not a root of unity. The 
Kirillov-Reshetikhin (KR) modules form a special class of finite dimensional 
modules of the quantum affine algebra U q (g) and they are parametrized by 
aG/,ie^° and «eC. Since the quantized universal enveloping algebra 
U q (g) is contained in U g (g) as a subalgebra, for a given KR module w} a \u), 
we can get a finite dimensional L/,j(g)-module resW^ a \u) by restriction. 

An important fact relevant to us is that the classical characters 

of resW^ a \u) for a € / and i € Z-° satisfy the unrestricted Q-system 

[Nak031[Her06j . can be expanded into a sum of characters of irreducible 
modules of q as 

(1-2) Qt ] = E 

where Q| a ^ is a certain set of dominant weights depending on a and i. For 

example, when X = A r , we have Q- a ^ = Xiw a for a € / and j € Z-° and they 
satisfy the unrestricted Q-system of type A r . For X = D r , the expression 
is more complicated and it is given by 
(1.3) 

f E Xk a ua+ka-au>a-a+-+kiui l<a<r-l,a = l (mod 2), 
Q< = S E X*aw.+fca-a««-a+»-+*owo l<a<r-l,a = (mod 2), 
[ Xm^ a = r-l,r 

where ojq = and the summation is over all nonnegative integers satisfying 
k a + k a _2 + ■ ■ ■ + ki = i for a odd and k a + /c a _2 + • • • + ko = i for a even. 
For more information about such decompositions, see [KNSlll Section 13] 
and references therein. 
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Let k > 2 be an integer. We are interested in solutions of the Q-system 
satisfying the unit boundary conditions q£ = 1 for all a € I. 

Definition 1.2. We call the resulting system of equations 
(1.4) 



Q { ] = 1 a € / 

I ^ = 1 a 6 / 

for variables ^Q^J with < i < k and a E / the level A; restricted Q-system 
of type X. 

It is known that there exists a special unique solution of it possessing 
positivity and some additional properties as follows : 

Theorem 1.3. [LeeTJJ Theorem 5.3.6] Let X be a Dynkin diagram of type 

ADE of rank r. There exists a unique solution z = (z^) of the level k 

restricted Q-system of type X satisfying zf^ > for < % < k and a £ I. 
Moreover, it satisfies the following additional properties: 

(1) (symmetry) = for < i < k and a £ I. 

(2) (unimodality) z^} x < zf' for 1 < i < m = |_|J and a € / where [x\ 
is the floor function. 

Definition 1.4. We call the solution z = (z^) with < i < k and a £ I 
characterized in Theorem 11.31 the positive solution of the level k restricted 
Q-system. 

One motivation to study the level k restricted Q-system comes from 
Nahm's conjecture [Nah07| and it was studied in detail in [Nah07l IKee07[ 
NK09]. Also its unique positive solution plays an important role in the 
context of dilogarithm identities for conformal field theories [Kir89j INakll] 
which have been the subject of intensive study. Let us briefly explain this. 

Definition 1.5. The Rogers dilogarithm function is defined by 

1 f x log(l - y) log(y) 

2 Jo V 1 - V 

for x € (0, 1). We set L(0) = and L(l) = 7r 2 /6 so that L is continuous on 
[0,1]. 

Theorem 1.6. [Nakll] Let X be a Dynkin diagram of type ADE of rank r 

and g be a simple Lie algebra associated with X. Let z = (zf^) be the positive 
solution of the level k restricted Q-system of type X. For 1 < i < k — 1 and 
a £ I, let 

(a) n be M b) ) I(xu 
(4 a) ) 2 
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The following dilogarithm identity holds : 

where h denotes the Coxeter number of g. 

For a physical interpretation of the rational number on the right hand 
side of (jl.5p . see [KNS11, Theorem 5.2] and references therein. 

Our goal is to construct the positive solution of the level k restricted Q- 
system of type X explicitly. To achieve it, one may use classical characters 
of the Kirillov-Reshetikhin modules. If we regard as a sum of characters 
of a simple Lie algebra using the decomposition fjl .2[) . we can specialize it 
at the element £ f)* so that for a £ I and i £ Z- , we get 

and they solve the unrestricted Q-system. We call it the quantum dimension 
solution of the Q-system as will be explained in Section [2J In [KNS11J, it has 
been conjectured that this specialization gives the positive solution of the 
level k restricted Q-system and also satisfies some additional level truncation 
properties as follows : 

Conjecture 1.7. |KNSlll Conjecture 14.2.] Let zf = Q- a) (^) for a £ I 
and i 6 Z— . It satisfies the following properties : 

(1) (positivity) zf^ 1 > for < i < k and a £ I. 

(2) (symmetry) = z^]_, for 1 < % < k — 1 and a £ I. 

(3) (unit boundary condition) z^ = 1 for a £ I. 

(4) (unimodality) z^\ < z^ holds true for 1 < i < m = [§ J and a £ I 
where [x\ is the floor function. 

(5) (occurrence of 0) zj^^ = zj^) 2 = • • • = z'j^_ h _ l = for a £ I. 

We call Conjecture 11.71 the KNS conjecture. This is already known to be 
true for A r case. In this paper, we will prove the following : 

Theorem. The KNS conjecture is true for X = D r . Moreover, z^) h = 1 
for 1 < a < r - 2 and = z k+h = ±L 

This result will be divided into several parts and will be proved in Theo- 
rem Theorem 14.51 and Theorem 14. 71 The most tricky part lies in proving 
the unit boundary condition. Once we prove it, many results follow from 
Theorem 11.31 The key ingredients of our proof are the affine Weyl group 
symmetry and extended Dynkin diagram symmetry of quantum dimensions 
of affine weights obtained by suitable affinizations of weights. Although 
these are well-known concepts, they have not been effectively employed to 
attack our problem. 



(k - l)hr 
h + k 
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Figure 2. Extended Dynkin diagram of type and its 
Dynkin labels. 

We review necessary results about quantum dimensions in Section [2] and 
carry out preliminary calculations involving the affine Weyl group in Section 
[3l Then the main results are obtained in Section [H 
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2. Review on quantum dimension and its properties 

A good reference for this section is |FMS97[ Section 16.3]. A few no- 
tions are tailored to our purposes. Here we collect results stated in |Leel2} 
Chapter 6] without proofs. 

Definition 2.1. Let P be the lattice generated by Cuq,uji, ■ ■ ■ ,u r and = 
{Ya=o e ^1 SLo a i^i = k} where oo = 1. For a weight to = Ya=i <Wi 6 
P, we define its level k affinization as Co = Yll=o ^i&i so ^ na ^ & £ Pk- 

Let «o = —9 and otj = ^2 r i=0 (ctj\ai)Coi. We define the fundamental reflec- 
tions so,si, • • • s r on P linearly by 

SiCbj = Cjj - Sijdti 

and they generate the affine Weyl group W. The signature of w € W will 
be denoted by (-F/H. 

Definition 2.2. Let A € P and A S P^ be its level k affinization. The 
quantum dimension or g-dimension of A is defined by 

^ ( P \ Ha>0 Sm h+k 

(2 - 1} v ^ = xx {hTk = n • 

v / ll Q >O bm h+k 

Theorem 2.3. Let A = X^!=i £ P + be a dominant weight such that 
Y^i=i a i^i — ^- P° r it 8 l eve l k affinization A £ P£ , T>^ > 0. 

Definition 2.4. Let p = Y%=o&i G P- We define the shifted affine Weyl 
group action on the set P by 

w ■ A = w(X + p) — p 

for each w G W. 
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Theorem 2.5. Let A G P k and w G W. V w ~ x = {-if^V^. If w £ W is 
an element of odd signature and w ■ A = A, 2?^ = 0. 

Now we look at the role of the symmetry of the extended Dynkin diagram. 

Theorem 2.6. Suppose that Ai, A2 G Pk are conjugate by an automorphism 
of the extended Dynkin diagram. Then T>^ = T>^ . 

Corollary 2.7. Let A = kuji G P + be a dominant weight where oji is a 
fundamental weight such that tbi is conjugate to Cjq by an automorphism of 
the extended Dynkin diagram. For its level k affinization A G Pk, D\ = 1. 

3. Preliminary computations 
From now on, we will assume X = D r . Now we can write 

,1 



(a) -a (a) (^)= £ 

(a) 



"h + k 



where the summation is given by (jl.3j) . 

Proposition 3.1. Let a G {l,r — l,r}. The following properties hold : 

(3.1) 4 a)>0 for0<i<k, 

(3.2) zf = for < i < k, 

(3.3) zf = 1. 

Proof. Note that z^ = 'Dfk-i^Cjo+i^a • P-^P follows from Theorem 12.31 By 
Theorem ESI V {k 

—i)6j +iCj a ~ ^ > iCj +(k—i)Cj a an0 - thus we get ()3.2|) . (|3.3p is a 
consequence of Corollary 12.71 □ 

Proposition 3.2. The followings properties hold : 

(3.4) 4+i = forl<j<h-l, 

(3.5) = 1. 



Proof. To prove (|3.4p . we use the product formula (|2.ip for the quantum 
dimension. First note that for each integer / such that 1 < / < h— 1 = 2r — 1, 
there exists a positive root a such that ht a = I and a — a\ > 0. When 
we use the product formula for the quantum dimension T>{k~i)uj Jf-iCjx > om y 
those roots may contribute to the product in a non-trivial way. Moreover, 
the number of such roots is exactly h = 2r — 2. For i > 0, we have 

• ht a+i 

- TT 

^(fc-i)&o+twi — 11 . hto^ • 

a>0 bln ft+fc 
a — cei >0 

Since {ht a + i|a > 0, a — a\ > 0} is the same as the set of all the integers 
from 1 + i to (/t — 1) + i, we can conclude that = 'D(k-i)u +iCj 1 = 
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if k + 1 < z < k + {h — 1) since there always exists a root a such that 
hta + i = h + k. 

Now we turn to (|3.5p . When i = h + k, we get 

• hta+(fe+fc) ■ hta 

— TT S111 fc+fc TT S111 h+k 

^(k-i)Coo+wi 11 . hta 11 „: n hta. ' 

a>0 bm h+k a >0 bm /i+fc 

a— ai>0 a~ai>0 

Since this product is over an even number h = 2r — 2 of terms, the final 
product equals to 1 and it proves z^) h = 1. □ 

In the rest of the section, we will prove that for 2 < a < r — 2, = z^ +l 
when k is odd and z^-i = z m+i when k is even where m = |_f J • If 2 < a < 
r — 2, we will denote the element k a u) a + k a ^ 2 Lu a ~ 2 + ■ ■ ■ + ^2^2 + ^o^o € -Pfc by 

(fc a , /c a _ 2 , • • • , fc 2 , k ) when a is even and k a Cj a +k a ^ 2 Cj a - 2 -\ h^iwi+fcowo G 

Pfc by (/c a , /c a _2, ■ ■ ■ ,ki,ko) when a is odd. Note that 

4 a) = E ^ 



where 



(3.6) ^ = <^ (k a , fc a _ 2 , • • • , k 2 , ko) G P fe 



for even a such that 2 < a < r — 2 and 



ka,k a - 2 ,--- ,k 2 G 



7>0 



(«) _ //t I. . I.. ^ n I fc a + ^a-2 + --- + fcl =i 



(3.7) = |(fc a ,fc«_2,-" ,fci,*o) Gf> 

for odd a such that 2 < a < r — 2. 

Assume that the level k is odd. Then m 



k a , k a —2, • • • , k\ G 



7>0 



fc-1 

2 1 



Proposition 3.3. If 2 < a < r — 2 and a is even, z$ = z^ +l . 
Proof. Note that {1$ C and 

^ra+A^rn' = Uk a ,k a -2,--- ,k 2 ,k ) G P k \ k ^ ka _ 2 , ■ ■ ■ , k 2 £ J 

Because 

fco + 2(A; a + A; a „ 2 ■ ■ ■ + k 2 ) = k = 2m + 1, 
oj = (k a , k a -2, ■■■ ,k 2 , ko) G ^m+i \ &m implies ko = — 1. So for any a) G 
^m+i \ ^ = since s -u = cu. Thus = z$ . □ 

Proposition 3.4. If 2 < a < r — 2 and a is odd, Zm = ^m+i 

Proof. If & = (k a ,k a - 2 ,--- ,ki,k ) G &m+i nas = 0, X>& = since 
A;q = — 1 and then sq • & = oj. 
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Let 



V fn i u u\r-t> \ k a + k a -2^ h h = m + 1 

and 

A(a) \ n l J i \ r- b I k a + fc a-2 H h &l = m 1 

= | {ka,k a -2,--- ,«1,«0) € Pfc | £ Z>0 [■ 

Let us construct a bijection between (fi^-i)' and 0^- Define a map 
from (Aj+l)' to b y 

For (fc a , k a -2, ■ ■ ■ ,h,k ) G (^+i)', 

&o + fci + 2(m + 1 - fcj) = & - fci + 2m + 2 = 2m + 1 
implies fco = k\ — 1 > 0. From k a + A; a _2 + • • • + k\ + ko = m, we have 
(k a , k a —2, ' ' ' > ko, k\) 6 ^m^- 

Conversely, any element (k a , k a -2, ■■■ ,k\, ko) G satisfies 

ko + k\ + 2{m — k\) = ko — ki + 2m = 2m + 1. 

Thus ko = ki + 1 > 1. So the map is a bijection between (fij^i)' and Clm . 
Note v (k a ,k a - 2 ,- MM) = v (k a ,k a -2,-,koM) b y Theorem ESI Therefore, 

Zm — z m+1 . I_l 

Now assume that the level k is even. Let m = |. 

Lemma 3.5. Ze£ a 6e ewen and 2 < a < r— 2. ForCj = (k a , k a -2, • • • , A^, ~2) £ 
Pfc suc/i i/iai k a + A; a _2 + • • • + ^2 = m + 1 &2 = 0, T>& = 0. 

Proof. (S0S2S0) ■ Co = Cj. □ 

Lemma 3.6. Let a be even and 2 < a < r—2. For Co = (k a , k a ~2, ••• > — 2) € 
P/c swc/i £/ia£ fc a + k a -2 + • • • + k2 = m + 1 and k2 > 1, T>& = —V&i where 
Cj' = (k a ,k a -2, ■■■ ,k 2 -l,0). 

Proof, so ■ Cj = Cj' . □ 
Proposition 3.7. If 2 < a < r — 2 and a is even, z^ > _ 1 = z^ +1 . 
Proof. Recall that 

a(o) //, , , , x _ 5 , k a + k a -2 H \-k 2 <m-l \ 

= | (ka, K- 2 , ■ ■ ■ , k 2 , k ) € P k | ^ k ^ ... MeI >* j 

and 

A(o) \ (i i 1 1 \ ^ £> \ k a + k a -2 H h k 2 < m + 1 \ 

^ m+1 = I (ka, ka-2, ■■■,k 2 , k ) € P k | ^ k ^ ... M&1 >0 j • 
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Let us define disjoint subsets R,S,T of £1^+1 by 

R = {(k a , k a ^ 2 , ■ ■ ■ ,k 2 ,k ) G ^ +1 \k a + /c Q _ 2 H h A; 2 = m + 1, A; 2 = 0}, 

S = {(k a ,k a _ 2 , ■ ■ ■ ,k 2 ,k ) G n^lfco + A; a _ 2 H h &2 = m + 1, k 2 > 1}, 

T = {(k a ,k a - 2 ,- ■ ■ ,k 2 ,k ) G Q^J/ca, + k a - 2 H h k 2 = m}. 

For a) G R, T>£j = by Lemma 13.51 and so Y^ueR^u = ®' Now we 
want to prove X^esuT^ = °- For (K,K-2,--- ,k 2 ,ky) G Pk, we have 
/c + 2(A; a + fc a _ 2 ■ ■ ■ + k 2 ) = k = 2m. Thus if (fc a , k a _ 2 , ■■■ ,k 2 , k ) G S, 
ko = —2. If (k a ,k a ^ 2 , ■ ■ ■ ,k 2 ,ko) G T, &q = 0. We can define a bijection 
between S and T by 

(k a ,k a - 2 ,--- ,h,-2) i-> (k a ,k a -2,--- ,fa - 1,0). 
By Lemma [321 XLesuT ^ = 0- Therefore, 

>} - E E p - 



z m+l 



From ft = ft and ft = ft \ (* U S U T), we get 



□ 



Lemma 3.8. Let a be odd and2 < a < r—2. ForCj = (k a , k a -2, ■ ■ ■ ,1, —1) G 
Pk, = 0. 

Proof, so • Cj = Cj. □ 

Lemma 3.9. Let a be odd and 2 < a < r—2. Foru = (k a , k a _ 2 , ■ ■ ■ ,0, —2) G 
Pk, = 0. 

Proof. (sos 2 so) ■ Co = Cj. □ 

Proposition 3.10. If 2 < a < r — 2 and a is odd, 2^-1 = z^ +l 

Proof. For any Cj = (k a , k a - 2 , ■ ■ ■ ,ki, ko) G 0^+1 with ki = or fa = 1, 
T>£j = by Lemma 13.81 and Lemma 13.91 
Let 

V fn i i u \ r- t> \ k a + k a - 2 -\ \-ki=m + l 

(Om+i) = {(k a ,k a - 2 ,---,fa,k )eP k \ fea;fca _ 2) ... jheZ >o, kl > 2 

So we can write z^ +l = E we( nW v &- 
Let us define a map from (Cl^ +1 )' to ^l^-i 

(k a , k a -2, ■■■ , h, k ) i-> (k a , k a - 2 , ■■■ ,k , kx). 
For (k a , k a -2, ■ ■ ■ , fa, k ) G (£l$ +1 )', 

ko + fa + 2(m + 1 - fa) = k Q - fa + 2m + 2 = 2m. 

This implies &o = fa — 2 > and we have (k a , k a - 2 , ■ ■ ■ ,ko,fa) G f^-i- 
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Conversely, any element (k a , k a -2, ■ ■ ■ ko) £ ^m-i satisfies 
&o + &i + 2(m — 1 — ki) = ko — k\ + 2m — 2 = 2m. 



Thus ko = k\ + 2 > 2. So the given map is a bijection between and 

Q (a) 

m— 1 

Since 2?(fc ai fc o _ 2 ,...,fc 1 ,fc ) = V(k a ,k a - 2 ,- MM) b ^ TheoremEJl 4£U = 

□ 

4. PROOF OF THE MAIN THEOREM 

In this section, we prove the main theorem using the results obtained in 
the previous section. 

Lemma 4.1. Let w = (w^ ) be a solution of the level k restricted Q-system 
such that ^ for < i < k and a £ I. Ifwf^ = Qi for any a £ / and 



{Q\ a ^\a E I,i G Z- } satisfies the unrestricted Q-system, then wf = 
for < i < k and a £ /. In particular, = 1. 
Proof. This is a direct consequence of the recursion (jl.ip 



□ 



Theorem 4.2. z = (2^) satisfies the following properties : 

(1) (positivity) > /or < i < k and a £ I. 

(2) (symmetry) zf = /or 1 < z < — 1 and a £ I. 

(3) (tmtf boundary condition) z^ = 1 /or a £ I. 

(4) (unimodality) < z| a ^ /or 1 < i < m = [_§J a £ I. 

Proof. To prove the unit boundary condition, we divide the cases into when 
k is odd and k is even. 

Assume that k is odd and let m = ^-k For < i < k and a £ I, let 



w 



( a ) — j 4 <i <m 
) z^_ i m < i < k 



Since we have z~m = z^ +l for any a £ I by (|3.2h . Proposition 13.31 and 
Proposition 13.41 w = (w^) must be a solution of the level k restricted Q- 
system. Since wf^ = z^ and wf* > 0, we can conclude that zf* = wf 
for < i < m by Lemma l4.1i Especially, z[ = 1 for any a £ I. 

Assume that k is even and let m = |. For < i < k and a £ I, let 



(4.1) 



(a) _ J 4 < i < m 
I z^l\ m < i < k 
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Since we have z, 



(a) 
m—l 



(a) 
Z m+1 



for a £ I by (|3.2p . Proposition 13.71 and 



(«) 



,(a)v 
i / 

» 



Proposition I3.10"| w = («;.•"'') must be a solution of the level k restricted 



and > 0, again by Lemma 14,11 we can 

1 f° r 
any a £ I. 

Now we have established the unit boundary condition. So for any k > 2, 
z = (z| a ^) is the positive solution of the level k restricted Q-system charac- 



Q-system. Since w\ 
conclude that zf = for < i < m and a £ I. This proves zl 



terized in Theorem 11.31 and it follows that z-^l < z^ a> for 1 < i < m = \_ 
and a £ I. 

Now we prove z 



» 



□ 



(a) 



Proposition 4.3. z 



(a) 
fc+1 



for 1 < j ' < h — 1 and any a £ I. 
/or am/ a £ I. 



Proof. Since z 



(a) 



1 and zl ^ 7^ for all o £ 7 by Theorem 14.21 the 



recursion (jl.ip for z£ : 



implies z^ x = 0. 



bei 



Lemma 4.4. Let {Qi'\a £ I,i £ Z- } 6e a solution of the unrestricted 
Q-system. The following condition 



(a) » 



□ 



n O-i) 


q& 


n (a+l) 1 




* 





* 


Qt 1] 




Q (a + 1) 









* 






n (a+l) 




* 


* 


* 



implies Q 



(a) 



for 2 < a < r — 2 where * denotes an arbitrary number. 



Similarly, the following condition 

Qti 2) Q 
Qf- 2) Q 



implies Q- r ^ = Q\' ' = 0. 
Proof. Again, this is a consequence of the recursion (jl.ip for Q- a ^: 

(QS a) ) 2 =n(^ 6) ) x(jru +^-WSi- 



j(r-2) 



)('') 



(r-1) 


1 


i-1 




(r-1) 




(r-1) 




i+1 





Qj r) 



bei 



In both cases, we get {Q^) 2 = 0. 
Theorem 4.5. zj^ = for 1 < _/ < h — 1 and any a £ I. 



□ 
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Proof. Recall J33J) that zfy = for 1 < j < h - 1 . Since sjji = for 

any a 6 I by Proposition 14.31 we get z^_ 2 = by applying Lemma 1-4.41 

Repeated applications of Lemma 14.41 imply z^- = for 1 < j < h — 1 and 
any a € / inductively. □ 



For the following lemma, let us put Q- = 1 for convenience. 



Lemma 4.6. Let {Q[ a ^\a 6 J,i 6 Z- } be a solution of the unrestricted 
Q-system. The following condition 



(a-1) 
i-l 




n (a+l) 1 
Vj-l 




* 








* 


(a-1) 




Q (a+1) 




1 


1 




* 


(a-1) 
i+1 




n (a+l) 
^i+1 




* 




* 


* 



implies Q^ a ' = 1 /or 2 < a < r — 2 where * denotes an arbitrary number. 



Proof. Look the recursion (jl.ip for Q 



(a-1). 



(a-l) )2 = Q (a-2 )Q (a )+g (a-l )Q (a-l)_ 



With the given assumption, we get l 2 = l-Qf^+O. This proves Qi' = 1. □ 



Theorem 4.7. 2^7^ = 1 / or an V 1 < a < r — 2 and 2 



(r-l) _ » 



±1. 



Proof. Since = 1 by (|3.5p and z^ h _ l = for any a G / by Theorem 14. 51 
we get zjf} h = 1 for 1 < a < r — 2 by applying Lemma 14.61 The recursions 



» 



(r-2) (r-l) 



(11. ip for Zf^h', ^k+h 1 an( ^ z k+h S^ ve the following system of equations : 



(z (r - 2) ) 2 
\ z k+h ) 

\ z k+h > 



-(r-l) JX) 
z k+h z k+h 



(r-2) 
k+h 



M ^2 _ >-2) 



From z 



(r-2) -. , (r-l) (r) 



k+h 
±1. 



□ 



Remark 4.8. Similar analysis as in the proof of Proposition 13.21 using 
the product formula (|2.ip for the quantum dimension can be used to show 



(r-l) 
Z k+h 



"k+h = ^ wn en r = 0, 1 (mod 4) and z [ ^ +h 



(r-l) 



2,3 (mod 4). 



(r) 
z k+h 



T when 
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Example 4.9. Let X = D$ and k = 4. We express zf^ in terms of quantum 
dimensions for a £ I and \ < i < h + k = 12. For a = 1, 4, 5, we get 



2 



J4) 
'2 z 2 



(1) J4) (5)" 

z 2 

z 3 

Z A 

z 5 

z 6 
z 7 

z {5) 



z {1) 

Z 4 

z 5 

Z W 
z 6 

Z W 
z 7 

Z W 
z 8 

Jl) .(4) 



z 3 
Z A 
z 5 

z (4) 
z {4) 



z W 
z 10 

z W 
z ll 

z W 

■ z 12 



z 10 

z ll 

z 12 



z {5) 

Z 9 
z 10 

z ll 

z 12 • 



^3tJo+wi 
£ , 2<2)o+2(2)i 
^(1)0+3^1 











4a)i 



For a = 2, 3, we have 



• (2) 
*1 

(2) 
Z 2 
(2) 

(2) 



(3) 



Z. 



y m .(3) 

y (2) _(3) 

7 (2) _(3) 

-7 z 7 
y (2) (3) 



(2) 

4 
J 2 ) 



10 



z {3) 

Z 9 
(3) 



2- 



10 



(2) (3) 



11 



11 



J2) (3) 



-12 



-12 



T^iuio + "^2(2)0 +(2)2 
^4(2)o + ^2i2>2 + ^2<2)o +(2)2 
^ 4(2j + ^2(2)o +^2 
^4(2)o 









^4(2)o 



-^3(2jo +<2)4 
^2(2)0+2(2)4 
^(2)(j +3(2)4 
^4(2) 4 











^3(2jo +(2)5 
^2(2.0+2(2.5 
^(2)o+3(2)5 
^4(2, 5 

















4(2)4 



4(2)5 



^3(2)o+(2)i ~l~ -^2(2>o +(2)3 
^2(2)0+2(2.1 + ^2(2.3 + ^(2)o +(2)i +(2)3 
^(2)o+3(2)i "I - 2^2(2)i +(2)3 
^4(2)i 









^4(2)i 
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